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AN EL-LABELING OF THE SUBGROUP LATTICE
RUSS WOODROOFE
Abstrat. In a 2001 paper, Shareshian onjetured that the sub-
group lattie of a nite, solvable group has an EL-labeling. We
onstrut suh a labeling and verify that our labeling has the ex-
peted properties.
1. Introdution
All groups, posets, and simpliial omplexes in this paper are nite.
We reall that the subgroup lattie L(G) of a group G is the set of all
subgroups of the group, ordered under inlusion. L(G) is a lattie, with
H ∧K = H ∩K and H ∨K = 〈H,K〉.
Any poset P is losely assoiated with its order omplex |P |, a simpli-
ial omplex with faes the hains in P . Considering the order omplex
allows us to use ombinatorial topology denitions and theorems with
P . One suh denition is that of shellability. A shellable omplex
is essentially one where the faets t niely together [1, 2, 3, 4℄; the
preise denition will not be important to us. A shellable poset is one
with shellable order omplex.
The onnetion with the subgroup lattie is surprising and beautiful:
Theorem 1.1. (Shareshian [12, Theorem 1.4℄) L(G) is shellable if and
only if G is solvable.
Let us talk about the tehniques used to prove the if diretion of
Theorem 1.1. There are two main tehniques to show that a bounded
poset is shellable, both developed by Björner and Wahs [1, 2, 3, 4℄.
The rst is to label the edges of the Hasse diagram in a manner suh
that on every interval:
(1) There is a unique hain where the labels (read from bottom to
top) are inreasing.
(2) The unique inreasing hain is lexiographially rst.
A labeling satisfying these two properties is alled an EL-labeling.
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The seond is to label the atoms of the poset. A reursive atom
ordering of a bounded poset P is an ordering a1, a2, . . . of the atoms
of P suh that
(1) For any j, the interval [aj , 1ˆ] has a reursive atom ordering in
whih the atoms in [aj , 1ˆ] that are above some ai for i < j ome
rst.
(2) For all i < j, and x with ai, aj < x, there is a k < j and an
atom y < x of [aj , 1ˆ] with ak < y.
A bounded poset with either an EL-labeling or a reursive atom or-
dering is shellable. The two are somewhat related: a poset with a
reursive atom ordering has a CL-labeling, whih is a generalization
of the idea of an EL-labeling. As a poset is shellable if and only if its
dual is shellable, reursive oatom orderings and dual EL-labelings are
also of interest.
Shareshian proved the if diretion of Theorem 1.1 as follows:
Theorem 1.2. (Shareshian [12, Corollary 4.10℄) If G is solvable, then
L(G) has a reursive oatom ordering.
Note 1.3. Interestingly, the ordering of maximal subgroups (oatoms)
that Shareshian used had already been studied by Doerk and Hawkes
[6, Chapter A.16, espeially Denition 16.5℄.
An EL-labeling gives useful information about a poset. For example,
one of the niest onsequenes is that the set of desending hains forms
a ohomology basis for |P |. Unfortunately, although every poset with
a reursive (o-)atom ordering has a (dual) CL-labeling, the onstru-
tion is ompliated enough that nie enumerative results (suh as the
ohomology basis) oming from EL/CL-labelings are usually diult
or impossible to use.
The topology of the subgroup lattie of a solvable group had been
studied before Shareshian. Let G be a solvable group, with hief series
1 = N0 ⊂ N1 ⊂ · · · ⊂ Nk = G. A omplement to a subgroup N is a
subgroup H with HN = G and H ∩ N = 1. A hain of omplements
(to the given hief series) is a hain 1 = Hk ⊂ Hk−1 ⊂ · · · ⊂ H0 = G
where Hi is a omplement to Ni (for eah i). Then
Theorem 1.4. (Thévenaz [13, Theorem 1.4℄) For any solvable group
G, |L(G)| has the homotopy type of a wedge of spheres of dimension
k − 2, and the spheres are in bijetive orrespondene with the hains
of omplements to any given hief series.
In light of the ohomology basis mentioned above, Theorem 1.4 nat-
urally leads to the following onjeture:
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Conjeture 1.5. (Shareshian [12, Conjeture 1.6℄) For any solvable
group G, L(G) admits an EL-labeling where the desending hains are
the hains of omplements to a hief series.
In the rest of this paper, we will extend the theory of left modu-
lar latties to onstrut both an EL-labeling and a dual EL-labeling
satisfying Conjeture 1.5.
2. Left modularity
Our starting point will be left modularity. Let L be any lattie. An
element x ∈ L is left modular if for all y < z we have (y ∨ x) ∧ z =
y∨ (x∧z), i.e., if it satises one side of the requirement for modularity.
Example 2.1. The Dedekind identity (see for example [11, 1.3.14℄)
says that H(N ∩K) = HN ∩K for any subgroup N , and subgroups
H ⊆ K of a group G. Sine a normal subgroup N of G satises
HN = NH = 〈H,N〉 for every subgroup H , a normal subgroup is left
modular in L(G).
Liu gave a helpful alternative haraterization of left modular ele-
ments. Let y ⋖ z denote a over relation, that is, a pair y < z suh
that if there is an x with y ≤ x ≤ z, then x = y or x = z.
Theorem 2.2. (Liu [8, Theorem 2.1.4℄, also in [9, Theorem 1.4℄) Let
x be an element in a lattie L. The following are equivalent.
(1) x is left modular.
(2) For any y < z we have x ∨ z 6= x ∨ y or x ∧ z 6= x ∧ y.
(3) For any y ⋖ z we have x ∨ z = x ∨ y or x ∧ z = x ∧ y, but not
both.
Part (3) of Theorem 2.2 leads us to the following denition: let
0ˆ = x0 < x1 < · · · < xk = 1ˆ be a (not neessarily maximal) hain with
every xi left modular. Then we say xi+1/xi weakly separates a over
relation y⋖ z if xi ∧ z = xi∧ y but xi+1∨ z = xi+1∨ y. Any given over
relation is weakly separated by a unique xi+1/xi in the modular hain.
Then it is natural to onsider the labeling
λ(y ⋖ z) = i where xi+1/xi weakly separates y ⋖ z.
Theorem 2.3. (Liu [8, Theorem 3.2.6℄) If the left modular hain 0ˆ =
x0 < x1 < · · · < xk = 1ˆ is a maximal hain, then λ is an EL-labeling.
In this situation (where L has a maximal hain of left modular ele-
ments) we say that L is left modular. Left modular latties have been
studied in several papers [10, 14, 5℄ in addition to the ones already
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referened. Latties with hains of modular elements were studied in
[7℄.
Motivated by the situation in a solvable group (where the hief series
is a left modular hain, but not neessarily a maximal one), we ask
what happens with the labeling λ when 0ˆ = x0 < x1 < · · · < xk = 1ˆ is
not maximal. We don't get an EL-labeling, but we an still say some
things about the inreasing hains on an interval.
Let [w, z] be an interval in L. Then w ≤ w ∨ xi ∧ z ≤ z for all i,
and we notie that w  w ∨ xi ∧ z for large enough i (in partiular,
i = k gives w ∨ 1ˆ ∧ z = z). So let c0 = w, and indutively onstrut cj
as follows: let i(j) be the maximal index suh that cj ∨ xi(j) ∧ z = cj.
Then let
cj+1 = cj ∨ xi(j)+1 ∧ z = w ∨ xi(j)+1 ∧ z.
This gives a hain c = {w = c0 < c1 < · · · < cm = z} between w and
z. Every edge on the interval [cj, cj+1] reeives an i(j) label, sine for
every y on [cj , cj+1] we have
y ∨ xi(j)+1 = y ∨ (xi(j)+1 ∧ z) ∨ xi(j)+1 = cj+1 ∨ xi(j)+1;
while y ∨ xi(j) ∧ z = y, so that eah y ∨ xi(j) is distint.
Lemma 2.4. A maximal hain on [w, z] is (weakly) inreasing if and
only if it is an extension of c.
Proof. Every extension of [cj, cj+1] has every edge labeled with i(j).
Sine, by the onstrution, i(0) < i(1) < · · · < i(m−1), every maximal
extension of c is (weakly) inreasing.
In the other diretion, notie that sine w ∨ xi(0) ∧ z = w, but w ∨
xi(0)+1 ∧ z  w, there must be an edge dj ⋖ dj+1 in any maximal hain
d = {w = d0 < d1 < · · · < z} suh that dj  w ∨ xi(0)+1 ∧ z but
dj+1 ≥ w ∨ xi(0)+1 ∧ z. Clearly suh an edge reeives an i(0) label, and
sine by the denition of the labeling any maximal hain annot have
labels less than i(0), any weakly inreasing maximal hain must start
with i(0) labels.
The rst edge of d reeives the label i(0) only if d0 ∨ xi(0)+1 = d1 ∨
xi(0)+1; thus,
d1 ≤ d1 ∨ xi(0)+1 ∧ z = d0 ∨ xi(0)+1 ∧ z = c1,
and so the rst edge of d is in [c0, c1]. Repeating this argument indu-
tively on [d1, z] gives that d is an extension of c, as desired. 
Corollary 2.5. A maximal hain on [w, z] is (tied for) lexiographially
rst if and only if it is an extension of c.
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Note 2.6. There is not in general a unique lexiographially rst or
inreasing hain, as c may have many extensions.
Note 2.7. We use the term weakly separated to highlight that a max-
imal hain might have multiple i labels. One might say that y ⋖ z
was separated by xi+1/xi if the edge was weakly separated and also
xi+1 ∧ y = xi ∧ y and xi+1 ∨ z = xi ∨ z (but we will not use this).
In Setion 3, we will show that intervals in L(G) with repeated i
labels are isomorphi to ertain sublatties of [Ni, Ni+1], and in Setion
4 we will use this isomorphism to rene λ to an EL-labeling in the
subgroup lattie (of a solvable group).
3. Projeting into [Ni, Ni+1]
Let G be a solvable group with a hief series 1 = N0 ⊂ N1 ⊂ · · · ⊂
Nk = G, and let H be any subgroup. The subgroups of L(G) that
are normalized by H form a sublattie LH(G). In this setion we will
relate ertain setions
Ni(H) , [Ni, Ni+1] ∩ LH(G)
of this lattie to weak separation by the hief series. First:
Lemma 3.1. For any H, Ni(H) is a modular lattie.
Proof. Ni(H) is losed under intersetion and join, so it is a sublattie
of [Ni, Ni+1]. By the Correspondene Theorem [11, 1.4.6℄, we have
that [Ni, Ni+1] ∼= L(Ni+1/Ni). Sine Ni+1/Ni is abelian, [Ni, Ni+1] is a
modular lattie, and sublatties of a modular lattie are modular. 
Seond, we have a relationship between weak separation of an edge
in L(G) and Ni.
Lemma 3.2. If E ⊂· F is weakly separated by Ni+1/Ni, then Ni(E) =
Ni(F ).
Proof. Ni+1E = Ni+1F , so F ⊆ ENi+1. Sine every subgroup N in the
interval [Ni, Ni+1] is normalized by Ni+1, we see that if E normalizes
N , then so does F . The onverse is immediate. 
Note 3.3. When we are looking at an edge or hain(s) of edges that are
weakly separated by Ni+1/Ni, we will often simply write Ni to mean
Ni(E) = Ni(F ) = . . . . Lemma 3.2 tells us that this notation makes
sense.
Finally, we onstrut a projetion map from L(G) to [Ni, Ni+1]. Let
ρi(H) = Ni ∨H ∧Ni+1 = NiH ∩Ni+1.
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It is lear that this is really in [Ni, Ni+1]. In fat, ρi(H) is in Ni(H)
(sine Ni, Ni+1, and H are all normalized by H). Muh more is true.
Let [W,Z]S denote the interval [W,Z] in the sublattie S of L(G); that
is, let [W,Z]S onsist of all H ∈ S that are between W and Z.
Proposition 3.4. If there is a hain on the interval [W,Z] with ev-
ery edge weakly separated by Ni+1/Ni, then ρi on [W,Z] gives a poset
isomorphism
[W,Z]L(G) ∼= [ρi(W ), ρi(Z)]Ni.
Example 3.5. Consider the alternating group on 4 elements with the
normal series N0 = 1, N1 the Klein 4 subgroup, and N2 = A4. Then
〈(1 2 3)〉 ⊂· A4 is weakly separated by N1/N0, and it projets to N0 ⊂· Ni
N1, an edge in the sublattie Ni = Ni(A4). Notie that, although
N0 ⊂ N1 is a over relation in Ni, it is not a over relation in L(G), as
N0 = 1 ⊂ 〈(1 2)(3 4)〉 ⊂ N1.
Proof. (of Proposition 3.4) It is immediate from the denition that ρi
is a poset map, so it sues to produe an inverse map. Let φi be the
map N 7→ WN ∩ Z. Sine there is a hain with every edge weakly
separated by i, Ni ∩W = Ni ∩ Z and Ni+1W = Ni+1Z.
Then forH on [W,Z] we have (by repeated appliation of the Dedekind
identity)
φiρi(H) = W (NiH ∩Ni+1) ∩ Z = NiH ∩Ni+1W ∩ Z
= NiH ∩Ni+1Z ∩ Z = NiH ∩ Z = H(Ni ∩ Z)
= H(Ni ∩W ) = H,
while for N in Ni we get
ρiφi(N) = Ni(WN ∩ Z) ∩Ni+1 = WN ∩ ZNi ∩Ni+1
= WN ∩Ni+1 ∩ ρi(Z) = N(NiW ∩Ni+1) ∩ ρi(Z)
= ρi(W )N ∩ ρi(Z),
and for N between ρi(W ) and ρi(Z) we have ρiφi(N) = N . 
Note 3.6. Our use of the fat that N is inNi in the proof of Proposition
3.4 is somewhat subtle: it omes in when we assume that WN is a
subgroup. (Otherwise, φi(N) is not neessarily in L(G).)
Corollary 3.7. If E ⊂· F is a over relation in L(G), then ρi(E) ⊂
ρi(F ) is a over relation in Ni.
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4. Labeling L(G)
Proposition 3.4 and Corollary 3.7 make it lear how to onstrut an
EL-labeling of L(G): label rst by the weak separation labeling, then
rene by the modular labeling in the projetion to Ni.
More preisely, for eah distint Ni = Ni(H), let λNi be the modular
EL-labeling of Ni. Suppose that E ⊂· F is an edge in L(G), weakly
separated by Ni+1/Ni.
Then label the edge with the pair
λ(E ⊂· F ) = (i, λNi(ρi(E) ⊂ ρi(F ) ).
As is usual, pairs (i, j) are ordered lexiographially.
Theorem 4.1. λ is an EL-labeling of L(G).
Proof. Lemma 2.4 and Corollary 2.5 tell us that any inreasing (lex-
iographially rst) hain on [W,Z] is an extension of the hain c =
{C0 ⊂· C1 ⊂· . . . ⊂· Cm}, indutively obtained by taking C0 = W ,
and Cj+1 = Ni(j)+1Cj ∩ Z, where i(j) is the maximal index suh that
Ni(j)Cj ∩ Z = Cj .
Every edge on the interval [Cj , Cj+1] is weakly separated byNi(j)+1/Ni(j),
so projets to the same Ni, and the modular EL-labeling on Ni gives
a unique inreasing (lexiographially rst) hain on [Cj, Cj+1], hene
a unique inreasing (lexiographially rst) extension of c. 
Note 4.2. A left modular element in L is also left modular in the dual
lattie L∗, and Lemma 3.2 and Proposition 3.4 say the same thing in
L∗ as in L. Thus, we ould just as easily take a hief series G = N∗0 ⊲
N∗1 ⊲ . . . ⊲ N
∗
k = 1, and label via
λ∗(E ⊃· F ) = (i, λ
i,Ni
∗ (ρ
∗
i (E)⋗ ρ
∗
i (F )),
where N∗i /N
∗
i+1 weakly separates E ⊃· F and ρ
∗
i is the projetion to
[N∗i+1, N
∗
i ]. Depending on taste, the resulting EL-labeling of the dual
lattie may even seem more natural.
4.1. Desending hains. If E ⊂· F satises E∩Ni+1 = 1 and ENi+1 =
G while F ∩ Ni = 1 and FNi = G, then ENi+1 = FNi+1 = G and
E ∩Ni = F ∩Ni = 1. Thus, E ⊂· F is separated by i, and thus a hain
of omplements is a desending hain, labeled k−1, . . . , 1, 0. By Théve-
naz's theorem (Theorem 1.4), and sine an EL-shellable lattie has the
homotopy type of a bouquet of spheres in orrespondene to the de-
sending hains, the hains of omplements are exatly the desending
hains. (This is also straightforward to verify by indution.)
Similarly for the dual labeling λ∗. To summarize:
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Proposition 4.3. The desending hains of both λ and λ∗ are exatly
the hains of omplements of the hief series used.
Thus, the labelings we have onstruted are the ones onjetured by
Shareshian.
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